A new method of genomic maps analysis based on formal logic is described. The purpose of 1 6
the method is to 1) use mitochondrial genomic organisation of current taxa as datasets 2) 1 7
calculate mutational steps between all mitochondrial gene arrangements and 3) reconstruct 1 8
phylogenetic relationships according to these calculated mutational steps within a dendrogram 1 9
under the assumption of maximum parsimony. Unlike existing methods mainly based on the 2 0 probabilistic approach, the main strength of this new approach is that it calculates all the exact 2 1 tree solutions with completeness and provides logical consequences as very robust results. Investigating how recombination might modify gene arrangements during the evolution of 3 2 metazoans has become a routine part of mitochondrial genome analysis. In this paper, we 3 3 present a new approach based on formal logic that provides optimal solutions in the genome 3 4 rearrangement field. In particular, we improve the sorting by including all rearrangement 3 5
events, e.g., transposition, inversion and reverse transposition. The problem we face with is to 3 6
find the most parsimonious tree(s) explaining all the rearrangement events from a common 3 7
ancestor to all the descendants of a given clade (hereinafter PHYLO problem). So far, a 3 8
complete approach to find all the correct solutions of PHYLO is not available. Formal logic 3 9
provides an elegant way to represent and solve such an NP-hard problem. It has the benefit of 4 0 correctness, completeness and allows the understanding of the logical consequences (results 4 1 true for all solutions found). First, one must define PHYLO (axiomatisation) with a set of 4 2 logic formulas or constraints. Second, a model generator calculates all the models, each model 4 3
being a solution of PHYLO. Several complete model generators are available but a recurring 4 4 difficulty is the computation time when the data set increases. When the search of a solution 4 5 takes exponential time, two computing strategies are conceivable: an incomplete but fast 4 6
algorithm that does not provide the optimal solution (for example, use local improvements 4 7
from an initial random solution) or a complete -and thus not efficient -algorithm on a 4 8 smaller tractable dataset. While the large amount of genes found in the nuclear genome 4 9 strongly limits our possibility to use of formal logic with any conventional computer, we 5 0
show in our paper that, for bilaterian mtDNAs, all the correct solutions can be found in a 5 1 reasonable time due to the small number of genes. 5 2 I n t r o d u c t i o n frequencies have been observed in the reconstructed rearrangements of metazoans. This may 9 7
suggest that TDRL plays a marginal role (at least in invertebrates) and that recombination is 9 8
an important component of the mtDNA rearrangement mechanism in metazoans [22] . There 9 9
are four types of events in the intrachromosomal recombination model: inversion, 1 0 0 transposition, reverse transposition (a transposition in which the re-inserted fragment is 1 0 1 reversed) and gain/loss. Intrachromosomal recombination often involves the replication 1 0 2 origins [23] , but other hot spots of rearrangements have been described [26] . Consequentially, 1 0 3
it is reasonable to consider intrachromosomal recombination events as elementary to the 1 0 4 evolution of mtDNAs even though some transpositions may mechanistically result from 1 0 5
TDLRs. 1 0 6
A variety of software tools implementing methods that automate the comparative analysis of 1 0 7 gene order have been developed to infer phylogenies and genome evolution from mtDNAs 1 0 8 Here, we present the first logical study of mtDNAs organisation in bilaterians from pairs of 1 1 8 mt gene orders. The goal of this new approach is to reveal the evolutionary history of the mt 1 1 9
genomic rearrangements and exhibit ancestral gene orders (ground patterns). First, we used 1 2 0 deuterostome mtDNAs as a study case. Second, we extended the analysis to bilaterians and 1 2 1 emphasized the peculiar case of chaetognaths. Proposition: Let A 0 and A k be two genomes such that the minimal distance d(A 0 , A k ) is equal 1 2 7
to k. There exists a path C = (A 0 , A 1 , ... A k ) between A 0 and A k of minimal size (i.e., of k steps) 1 2 8
and with no cut (see Definition 6). That is to say that in C, a block of genes present in two 1 2 9
genomes A i and A j (possibly inverted) is always present (possibly inverted) in all the 1 3 0
intermediate states between A i and A j . 1 3 1
Proof: Let C = (A 0 , A 1 , ... A k ) be a minimal path between A 0 and A k . Let us suppose that in C, 1 3 2 there is (at least) one cut, and that the last cut is between A i and A i+1 (the blocks shared 1 3 3
between A i+1 and A k will not be cut in the path between A i+1 and A k ). Let us call G = [G 1 G 2 ] 1 3 4 the relevant block. G is cut (in A i ) between G 1 and G 2 : it exists k' in [i+2, ... k] such that G 1 1 3 5
and G 2 are successive in A i and in A k' but not in A i+1 nor in A k'-1 . 1 3 6
We are in one of the following two cases: 1 3 7 -Case 1: the mutation µ i between A i and A i+1 moves the block G 1 . So the block G 2 does not 1 3 8 move (otherwise, the mutation µ i is not a cut). Note that the case "G 2 moves and not G 1 " is 1 3 9
symmetrical. The mutation µ i moves the block G 1 with a block B (possibly empty), neighbour 1 4 0 of G 1 . The blocks B and G 1 are successive in A i and A i+1 . 1 4 1
We construct the path C' = (A' 0 = A 0 , A' 1 , ... A' k-1 , A' k = A k ) as follows: The property of the lower bound for minimal distance property defines a lower bound for the 1 7 2 minimal distance between two genomes A and B, below which there is no path solution. 1 7 3
Proposition: Let A and B be two genomes at minimal distance k one from the other. We have 1 7 4 Proof: Let C = (A 0 , A 1 , ..., A i , A i+1 , ..., A k ) be an arbitrary path (of length k) between 1 8 1 genomes A 0 and A k , and let µ i be the mutation between A i and A i+1 . If µ i is a transposition or a 1 8 2 reverse transposition, then only three intervals between two genes of A i are modified by µ i . 1 8 3
Thus at most three breakpoints of A i are not breakpoints of A i+1 . If µ i is an inversion, then only 1 8 4 two intervals are modified by µ i , and thus at most two breakpoints of A i are not breakpoints of 1 8 5 Using the two previous properties as heuristics, it was possible to calculate the minimal 1 9 7
distances between all pairs of genomes present in the taxonomic dataset (69 taxa, Table 1 ) 1 9 8
considering transposition, inversion and reverse transposition. In contrast to previously 1 9 9
published methods based on breakpoint number or inversion distance, the distance matrix 2 0 0 obtained here is exact (S1 appendix). 2 0 1 Chordata/Craniata NC_012920 number of mutations between two genomes is high. The characterisation of the saturation 2 3 6 threshold allowed us to define a coefficient of saturation C for each taxon X with the 2 3 7 following formula: 2 3 8 2 3 9
The coefficient of saturation provided an objective criterion to remove fast-evolving taxa with 2 4 0 a coefficient of saturation close to 100% (cut off 95%) from the taxonomic dataset. Hence, 21 2 All the computations are detailed in a logbook (S2 appendix). As the nature of the outgroup 2 5 7 did not change the topologies of the optimal tree solutions, we decided to base the mutational 2 5 8 networks discussed below on the solutions obtained from the computation #1 rooted on 2 5 9
Limulus polyphemus. 2 6 0
The computation resulted in only six distinct solutions (S3 appendix, section 2 6 1 'deuterostomes_taxA_v2_6sol') in which the internal deuterostomes relationships are 2 6 2 identical except some variations within Echinodermata. These variations include three 2 6 3 topologies for the Crinoidea combined with two topologies for the rest of the Echinodermata 2 6 4
( Fig 1) . Asteroidea are placed as a sister group to Ophiuroidea. 2 8 0
When tree reconstructions were constrained with PPH#30a or PPH#30b we still found three 2 8 1 topologies corresponding to three different relationships within Crinoidea, but Asterina 2 8 2 pectinifera always appeared as Ur-echinodermata ( Fig 1B) , whatever the PPH considered. 2 8 3
Only with PPH#30c, computations show that either Asterina pectinifera or Strongylocentrotus 2 8 4 purpuratus represents Ur-echinodermata in distinct but equiparsimonious scenarios (Fig 1) . 2 8 5
Previous analyses based on mt gene order have suggested that the ancestral mt genome of 2 8 6 echinoderms most likely resembles the echinoid mtDNA [13, 47] . However, a logical 2 8 7 approach showed that either Echinoidea or Asteroidea might represent the echinoderm ground 2 8 8
pattern. 2 8 9
Three topologies exhibited different relationships within Crinoidea, specifically between 2 9 0
Antedon mediterrannea and Gymnocrinus richeri with Florometra serratissima basal to 2 9 1
Crinoidea (S3 appendix, section 'deuterostomes_taxA_v2_6sol'). For a local analysis of the 2 9 2 mutational network within Crinoidea, tRNA genes have been included for computations. 2 9 3
There are up to 22 tRNA genes added to the 15 protein-coding and rRNA genes. Therefore, 2 9 4
including the tRNAs into the path calculation between two genomes increases the 2 9 5 computation time to a point that makes the procedure unfeasible, unless the genomes 2 9 6 compared are very close. For example, the path calculation between Florometra serratissima 2 9 7
and Antedon mediterrannea is fast, as the minimal distance is 3. However, between Asterina 2 9 8 pectinifera and Homo sapiens, the minimal distance is at least 11, whereas it is only 2 when 2 9 9 considering only protein-coding genes. When Asterina pectinifera or Strongylocentrotus 3 0 0
purpuratus are used as outgroups, the analysis that included the tRNA genes yielded a single Xenoturbella with acoelomorphs (=Xenacoelomorpha) and suggested that Xenacoelomorpha 3 1 1 could be the sister group of Nephrozoa [50, 51] or Protostomia [50] . In our contribution, 3 1 2 whatever the PPH used to constrain the position of Xenoturbella bocki (i.e., whether it is sister 3 1 3
group to or part of the deuterostomes), its mtDNA organisation is always derived from an 3 1 4
ancestor exhibiting an mtDNA organisation identical to Homo sapiens (S3 appendix). Hence 3 1 5
our results corroborate the conclusion that the arrangement of protein-coding and rRNA genes 3 1 6
in the mtDNA of Xenoturbella bocki is plesiomorphic [52] and therefore does not contain 3 1 7
relevant signal to assess the phylogenetic relationships of this species. 3 1 8
As a result of using PPHs to constrain the relationships within echinoderms and tRNA genes 3 1 9
to decipher Crinoidea relationships, only two mutational networks were finally validated for 3 2 0 deuterostomes (Fig 1) . The major advantage of a complete approach is that all the values of 3 2 1
HTUs (inferred ancestral mtDNA organisations) that are by definition not present in the 3 2 2 taxonomic dataset are enumerated. Such a comprehensive and correct enumeration is not 3 2 3 possible in traditional probabilistic approaches or by manual inspection of pairwise scenarios. 3 2 4
In the case of the deuterostomes, calculating the mtDNA mutational network required the 3 2 5
insertion of only two HTUs, the first in the lineage leading to cephalochordates and the 3 2 6
second in the one leading to the echinoderms (Fig 1) . Each HTU has two possible values 3 2 7
because of the commutative property of both paths described. For each path, the HTUs 3 2 8
represent a ground pattern that characterizes an ancestor or a current mtDNA that has not been 3 2 9
sequenced yet. Interestingly, the mt gene orders of HTU#2a and HTU#3a that stand for two 3 3 0 distinct paths between Craniata and Echinodermata have already been characterised in a 3 3 1
previous study and were considered as the echinoderm consensus [47] . 3 3 2
To summarise, below are listed the key results from this first analysis, results that could also 3 3 3 be described as logical consequences of the problem PHYLO: 3 3 4 tRNA genes are usually omitted in the comparison of mt gene arrangements because of their 3 4 7 accelerated moving rate. However, as shown above, tRNA genes do contain phylogenetic 3 4 8
information in some contexts and should be considered in rearrangement models to limit the 3 4 9
number of tree solutions. The computation of the Echinodermata mutational network with all 3 5 0 mt genes was possible but could not be held with completeness. The reconstruction of one 3 5 1 tree solution with all mt genes with Asterina pectinifera as Ur-echinodermata (S3 appendix, 3 5 2 sections 'with_tRNA_eleutherozoa_taxA_2sol' and 'with_tRNA_ophiurida_taxA_1sol') 3 5 3 required 25 evolutionary steps and was tractable (Fig 2A) . This topology was slightly 3 5 4 different (different branching within Ophiuroidea) from the topology obtained with the 3 5 5 protein-coding and rRNA genes on which specific mutations of tRNA genes have been added 3 5 6 a posteriori (Fig 2B) . The ancestral state of Ophiuroidea has been shown to be difficult to 3 5 7
infer and remains unresolved [53, 54] but it has been suggested that Ophiura lutkeni has a 3 5 8 more derived mt gene order than Ophiobolis aculeata [53] . While the scenarios computed 3 5 9 0 total number of evolutionary steps concerning the protein-coding genes increased (Fig 2A,  3  7 1 always more than 6 permutations) when compared with the least parsimonious scenario 3 7 2 computed without tRNA genes (Fig 2B, 6 permutations) . Parsimony is the principle according 3 7 3
to which, all other things being equal, the best hypothesis to consider is the one that requires 3 7 4
the fewest evolutionary changes. However, the reasonableness of the parsimony rule in a 3 7 5
given context may have nothing to do with its reasonableness in another one. In other words, 3 7 6 when using the parsimony principle to decipher evolutionary hypotheses, the outcome 3 7 7
depends on the set of characters considered. Indeed, when we look at the history of a given 3 7 8
mtDNA, nearly 80% of all the permutations that have happened involve tRNA genes. Given 3 7 9
this high percentage, if we want to minimize the global number of permutations (i.e., if we are 3 8 0
looking for parsimonious trees that takes all gene into account), the influence of larger 3 8 1 protein-coding and rRNA genes is negligible when compared to the one of smaller tRNA 3 8 2
genes. Hence, the mutational networks obtained only with the larger genes are expected to be 3 8 3 significantly different than those obtained with all the genes (which should be very similar to 3 8 4 the parsimonious trees obtained when using only tRNA genes). This suggests that even if the 3 8 5 There were too many OTUs (47 bilaterians + 1 poriferan) to make a single global 3 9 1
computation, but smaller computations that verify the convergence of results at each step 3 9 2 were tractable. 3 9 3
Using known monophyletic groups (see Methods and S9 appendix), calculations were carried 3 9 4
out on taxonomic groups and subgroups by recombining the resulting solutions in the 3 9 5
hierarchical structure of the Bilateria phylogeny. The chronological description of all the 3 9 6 computations is given in S2 appendix. A high number of equiparsimonious topologies were 3 9 7
obtained. Even though a unique representation of these topologies is not possible, the whole 3 9 8
set of solutions can be enumerated (S3-S6 appendix). The solution files make up a database of 3 9 9
all the possible solutions. Moreover, as described in the example above with the echinoderms, 4 0 0 the number of possible solutions can be reduced, possibly down to a single one, by adding 4 0 1
PPHs to the calculation. 4 0 2
In the case of Ecdysozoa, seven calculations had to be carried out to obtain a complete 4 0 3 mutational network (S4 appendix these studies usually considered all the mt genes to draw their conclusions, which could 4 5 0 1
explain some incongruence with the present results. Notably, it has been suggested that the 4 5 1 ancestral mt gene order in Lophotrochozoa and Deuterosotomia cannot be found in extant 4 5 2 species but rather represent consensus between ingroup and outgroup arrangements [28] . 4 5 3
Considering the protein-coding and rRNA genes, we showed that the ground patterns of 4 5 4
Deuterostomia and Lophotrochozoa are realized in the respective mt gene arrangements of 4 5 5 two extent species, Homo sapiens and Katharina tunicata. In Ecdysozoa, Ur-arthropoda is 4 5 6
always realized in the gene arrangement of Limulus polyphemus like it has been previously 4 5 7
proposed [58] . In addition, the mt gene order of Limulus polyphemus should also be 4 5 8
considered as the ground pattern of Panarthropoda and Ecdysozoa but our results also 4 5 9
demonstrated that Ur-ecdysozoa could also correspond to the mitochondrial genome of 4 6 0
Priapulus caudatus or in an inferred ancestral mtDNA organisation that is not realized in 4 6 1 extant species. Priapulids have been described as an ancient clade and seem likely to adhere 4 6 2 closely to the predicted ecdysozoan ground pattern [57] . Finally, the ground pattern of 4 6 3
Bilateria was previously hypothesised [59] . The arrangement of the protein-coding and rRNA 4 6 4 mt genes of Homo sapiens has been considered as Ur-bilateria. It has been also suggested that 4 6 5
the differences previously observed between vertebrate and arthropod genomes are due 4 6 6 mainly to gene rearrangements within the protostome lineages, a conclusion corroborated by 4 6 7 our study. 4 6 8
Additional computations rooted on Tethya actinia were carried out with four chaetognath 4 6 9 mtDNAs added to the dataset described above (S7-S8 appendix). The position of 4 7 0 chaetognaths was either basal to protostomes, ecdysozoans, or lophotrochozoans (34 possible 4 7 1 topologies, S7-S8 appendix) and three logical consequences were emphasised: 4 7 2 -Chaetognatha mtDNAs were always grouped together (monophyly of Chaetognatha is 4 7 3 always verified). 4 7 4
-Among the chaetognaths, the Sagittidae family is valid with Flaccisagitta enflata mtDNA as 4 7 5
Ur-sagittidae. 4 7 6
-Chaetognatha mtDNAs cannot be basal to all bilaterians (the mtDNA organisation of 4 7 7
chaetognaths never derived directly from that of Homo sapiens). 4 7 8
Although it was possible to assert that chaetognaths were not the sister group of bilaterians, 4 7 9
the different topologies obtained are another reminder that the phylogenetic position of 4 8 0
Chaetognatha is still one of the most problematic issues of metazoan phylogeny [60]. We hope that this pilot work will inspire further use of formal logic for evolutionary studies 4 8 3
based on gene order data. It has the benefit of both correctness and completeness: in our 4 8 4 study, the tree solutions obtained for each computation encompass all the mutational networks 4 8 5
that verify properties P1 to P6. It is impossible to explore all the entire possible solutions by 4 8 6 manual inspection when the path length is more than one step. Such an approach is non-4 8 7
exhaustive and therefore useless. At first, the exploration of all the possible mutational 4 8 8
networks might not seem to be a very elegant method, as it can offer numerous solutions to 4 8 9
the same problem. However, an understanding of the logical consequences (true for all 4 9 0 solutions found) can only be obtained through a complete enumeration and these logical 4 9 1 consequences are, in themselves, extremely robust results. In our study of the bilaterian 4 9 2 mtDNAs, we have decided to use the broadest and most indisputable PPHs, which lead us to 4 9 3 all the possible mutational networks and, indeed, to a high number of equiparsimonious trees. 4 9 4
By adding more PPHs for higher-level bilaterian taxa, we have significantly reduced the 4 9 5
number of solutions depending on the supplementary hypotheses selected. Such a 4 9 6
hypothetico-deductive approach was particularly fruitful in the study case of deuterostomes 4 9 7
and should be applied to many other clades of bilaterians. The dataset is represented by a taxonomic sample of N metazoans for which the mtDNA is 5 0 1 known and a set of possible elementary mutations to switch between one mtDNA to another. 5 0 2
It is possible to encode the organisation of a given mtDNA by a linear representation that 5 0 3 satisfies the following properties: 5 0 4
-the last gene in the list precedes the first one (mtDNA circularity); 5 0 5
-when the sign of cox1 is positive (positive strand), the gene list is read from left to right; 5 0 6
-when the sign of cox1 is negative (negative strand) the gene list is read in the reverse 5 0 7
direction and the signs of all the other genes are inverted. 5 0 8
From a linear representation and, if necessary, by reversing the reading direction and the sign 5 0 9
of genes it is possible to define a Canonical Linear Representation (CLR) for all mtDNAs 5 1 0
with the following properties: 5 1 1
-the first gene is cox1 (by convention); 5 1 2 -the sign of cox1 is positive and genes are read from left to right. 5 1 3
For instance the CLR of Homo sapiens mtDNA with thirteen protein-coding and two 5 1 4 ribosomal RNA (rRNA) genes is given by: 5 1 5
[ cox1 cox2 atp8 atp6 cox3 nad3 nad4L nad4 nad5 -nad6 cob rrnS rrnL nad1 nad2 ] 5 1 6 -Definition 1: successive genes 5 1 7
Let A be a genome and g 1 and g 2 be two genes in A. We can say that g 1 and g 2 are successive 5 1 8
in A if g 2 follows g 1 in the CLR of A or if g 1 is the last gene in the CLR of A and g 2 the first 5 1 9
gene in the CLR of A (g 2 being cox1). 5 2 0
-Definition 2: block of genes 5 2 1
Let A be a genome. A block of genes is a sequence of successive genes [g 1 g 2 ... g r ] in A (g i 5 2 2
and g i+1 are successive in A). 5 2 3
The set of five possible elementary permutations consists of: 5 2 4
-transposition: a gene or a block of genes (named "selected block") separates from the 5 2 5
genome and is re-inserted between two genes at a different position (named "insertion point"). 5 2 6
-inversion: a gene or a block of genes separates from the genome and is re-inserted in the 5 2 7
opposite direction at the same position. When a block of genes reverses, the gene order within 5 2 8
the block is reversed as well as the sign of each gene. 5 2 9
-reverse transposition: a transposition in which the re-inserted gene or block of genes is 5 3 0 reversed; 5 3 1 -loss: a gene or a block of genes separates from the genome and disappears; 5 3 2 -gain: a novel gene or a block of genes is inserted in the genome. 5 3 3
Solving the PHYLO problem with completeness consists of enumerating all the 5 3 4 equiparsimonious trees that explain the paths between distinct mtDNAs with the minimal 5 3 5
number of genomic events. In order to calculate these trees, the reconstruction method is 5 3 6
organised along three main procedures. First, a pairwise genome comparison program 5 3 7
calculates the minimal paths between all mtDNAs encoded in a minimal distance matrix. 5 3 8
Second, a complete finite model generator for first-order logic calculates all the most 5 3 9
parsimonious trees that respect the minimal distance matrix and clades defined by Primary 5 4 0
Phylogenetic Hypotheses (hereinafter PPHs). Third, ancestral mt gene arrangements (or 5 4 1
Hypothetical Taxonomic Units, hereinafter HTUs) are defined at all internal nodes. 5 4 2
For this study, 29 PPHs were used (S9 appendix). They all are well-admitted hypotheses 5 4 3 associated to well-known taxa. Our results showed that 8 among these PPHs were logical 5 4 4 consequences, i.e., they were always verified even not previously imposed (see Results and 5 4 5
Discussion Let A and B be two mtDNAs. The calculation of all possible paths in k steps to move from A 5 5 2
to B by successive elementary mutations is an NP-hard problem. We wrote a program 5 5 3
genome_comparison.c (source code available upon request) that, through a depth first 5 5 4
exploration of a search tree, enumerates all the possible paths of length k starting from A. 5 5 5
Each path of length k leading to B is a solution while any other path (not ending to B) is a 5 5 6
deadlock which causes backtracking in the search tree and exploration of another branch (this 5 5 7
is the backtracking algorithm, see [61] ). The backtracking algorithm to find a path from A to 5 5 8
B in k steps is given below. After step 2, the analysis of each tree solution enables determination of ancestral states (also 7 0 0 called ground patterns). In each tree solution with V nodes, there are N nodes (N < V) 7 0 1
representing the N genomes belonging to the taxonomic dataset (Operational Taxonomic  7 the tree solution (and thus proving that the tree solution verifies property P6), or on the 7 0 5 contrary in proving that there is at least one HTU in the tree solution for which no value can 7 0 6 be found (in this case the tree solution does not verify property P6, and therefore is not valid). 7 0 7
To enumerate all the possible values of the M HTUs, all the paths of length k linking two 7 0 8
OTUs A and B must be recalculated such that the path between A and B in the tree solution is 7 0 9
of length k and passes only through HTUs (the program "genome_comparison.c" enumerates 7 1 0 all the paths). It appears that two cases are possible for each HTU X: 7 1 1 1. A unique pair (A, B) of OTUs is such that X appears in the recalculated paths 7 1 2 between A and B. In this case, all possible values for X appear in the paths between A and B at 7 1 3
the position corresponding to X. 7 1 4
2. Several pairs of OTUs are such that X appears as an intermediate step in the 7 1 5 recalculated paths. In this case, it is necessary to find the common values for X. This could be 7 1 6 done using a simple text editor by searching for common mtDNAs in the files containing all 7 1 7 possible paths, but to perform this operation we used a string comparison program available 7 1 8 upon request. A lack of common values for X means that the tree solution is not a valid 7 1 9 solution: it does not verify P6 because it contains a minimal subtree that does not verify P6. 7 2 0
Any other solution containing this minimal subtree is similarly not valid. 
